The authors study finite 2-groups with the cyclic center and non-metacyclic non-Dedekind norm of Abelian non-cyclic subgroups. It is found out that such groups are cyclic or metacyclic extensions of their norms of Abelian non-cyclic subgroups. Their structure is described.
1. Introduction. In the group theory findings related to the study of properties of groups with given restrictions on their subgroups and systems of such subgroups are in the focus. In some cases, the group may have a system of subgroups with certain properties, but the impact of this system of subgroups is not significant. On the other hand, the presence of one (usually a characteristic) subgroup with a certain property can be the determining factor for the structure of the group. Nowadays the list of such subgroups can be significantly broaden by means of different Σ-norms of a group.
Let us regard that the Σ-norm of a group G is the intersection of normalizers of all subgroups of a group, included in the system Σ. Obviously, any subgroup which belongs to Σ (assuming that the system Σ is non-empty) is normal in a group in the case of the coincidence of the Σ-norm with a group. For the first time groups with this property were considered in the second part of the XIX century by R. Dedekind, who gave a complete description of finite groups, all subgroups of which are normal (now they are called Dedekind groups). However, a systematic study of groups with arbitrary systems of normal subgroups was continued only in the second part of the XX century that stopped the study of the Σ-norms in a certain way. Currently the structure of groups, which coincide with their Σ-norms, is known for many systems Σ of subgroups. So it is naturally to raise the question about the study of the properties of groups which have proper Σ-norm.
For the first time this problem was posed by R. Baer in 30-s of the previous century (see, e.g. [1] ) for the system Σ of all subgroups of this group. Such Σ-norm was called the norm of a group and denoted by N (G). It is clear that the norm N (G) is contained in all other Σ-norms, and those ones can be considered as its generalizations.
The authors continue the study of groups with non-Dedekind Σ-norm, started in [2] - [6] for systems Σ of all Abelian non-cyclic subgroups of a group G, provided that the system of such subgroups in a group is non-empty. In [2] 
Suppose that G contains an involution x / ∈ N A G . Then the subgroup ⟨a 1 , x⟩ is Abelian and normal in the group
It follows that ⟨x⟩ ▹ G 1 as the intersection of normal subgroups ⟨a 1 , x⟩ and ⟨a 2 , x⟩. Hence 
On the other hand, 
G of Abelian non-cyclic subgroups of a finite 2-group G is nonDedekind, has the non-cyclic center and the non-central lower layer ω(N
A G ) in G, then G = C ⟨y⟩, where C = C G ( ω(N A G ) ), C ▹ G, |y| > 4, y 2 ∈ C. In
this case, every Abelian non-cyclic subgroup of a group G is contained in C and N
If 
) ⊆ Z(G).
A group, which has the norm N A G of one of the types (3)- (7) of the proposition, has the non-cyclic center by Lemma 4. Such groups were studied in [6] . So it remains to study the groups, in which the norm N A G is a group of one of the types (1), (2), (8)- (9) of the proposition.
The following example illustrates that in the case, when the norm N A G is a group of the type (8) of Proposition 1, the center Z (G) of a group can be cyclic.
In this group all Abelian non-cyclic subgroups are contained in the group (⟨b⟩ H) and are normal in it, so it is easy to verify that ) contains all involutions of the centralizer C, so the quotientgroup C = C/ ⟨a⟩ contains only one involution by Lemma 1. Since C is non-Abelian, C is a quaternion 2-group:
Lemma 5. Let G be a finite 2-group, the norm N

A G of Abelian non-cyclic subgroups of which is a group of the type (9) of Proposition 1. Then all Abelian non-cyclic subgroups are normal in G and G = N
Turning to the preimages and taking into account Lemma 2, we have that We will continue the proof of Theorem 1 in the following lemmas. (2) or (3) of Theorem 1.
Lemma 6. If a finite 2-group G has the norm N
A G of Abelian non-cyclic subgroups, which is a group of the type (2) of Proposition 1, then
G = N A G .
Proof. Let a group G and its norm N
= ⟨h 1 , h 2 ⟩, |h 1 | = |h 2 | = 4, [h 1 , h 2 ] = h 2 1 = h 2 2 , |b| = |c| = 2, [H, ⟨b⟩] = [H, ⟨c⟩] = E, [b, c] = h 2 1 . Suppose that G ̸ = N A Gand let us prove that N A G contains all involutions of a group G. Indeed, otherwise we have⟨z, h 2 1 ⟩ ▹ G 1 = ⟨z⟩N A G for any involution z ∈ G\N A G . Therefore [G 1 : C G 1 (⟨z, h
Lemma 7. If a finite 2-group G has a non-Dedekind norm N
By Lemma 1 the quotient-group C = C/ ⟨a⟩ has only one involution and C is a cyclic group or a generalized quaternion group. Let C be cyclic, then its full preimage C = ⟨x⟩×⟨b⟩ is Abelian and
⟨c⟩ is a group of the type (2) of Theorem 1.
Let C be a generalized quaternion group
Let h 1 and h 2 denote the preimages of elements h 1 and h 2 respectively. Since the center Z(G) is cyclic, then h 
Since B is a 2-generated non-Abelian subgroup and the com-
by [9] . We can assume without loss of generality that H = C G (B). If |H| = 8, then G is a HA 2 -group, which contradicts to the assumption. So |H| > 8 and G is a group of the type (3) of Theorem 1. 
Suppose that N
A G ̸ = G. Since ω ( N A G ) ⊂ Z ( N A G ) and ω ( N A G ) ̸ ⊂ Z (G), ω (G) = ω ( N A G ) , G = C ⟨y⟩, where C = C G ( ω ( N A G )) ▹ G,
